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Constraint optimization problems

for graphical models
A finite COP isatripleR:<X,D,F> where :
X ={X,,...,X,} - variables
D ={D,,...,D,} - domains
F={f,..f,}-cost functions

f(A,B,D) has scope {A,B,D} /

Global Cost Function

F(X)=>" f(X)

: FlaII 5020



Constraint Optimization Problems
for Graphical Models

A finite COP1satriple R = <X,D,F> where :
X ={X,,...,X,} - variables
D ={D,,...,D,} - domains

F={f,..f,}-cost functions
f(A,B,D) has scope {A,B,D} /
Primal graph =

Variables --> nodes
Functions, Constraints -=> arcs

F(A,B,C,D,FG)= f1(A,B,D)+f2(D,F,G)+f3(B,C,F)

f1(A,B,D)
f2(D,F,G)

f3(B,C,F) Global Cost Function
F(X)=>" f(X) -

: FlaII 5020 ;




Example: constrained
optimization

Example: power plant scheduling

W GliS. R . Unit | Min Up | Min Down
/ /.\ ﬁ___d,.f/f # Time Time
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Variables = {X,,...,X, }, domain ={ON,OFF}.
Constraints : X, v X,,—X; v X,, min - up and min - down time,
power demand : Z Power(X,) = Demand

Objective : minimize TotalFuelCost(X,,..., X )

Fall 2020



Example: combinatorial auction

Given a set of elements A= {a,,..., a,} and given a set of bids, B= {b4,..., b;}, each
is a subset of A, each having cost r_i, select a subset of bids B” with maximal
total cost where no two bids share an item.

maxg,Max Z r i
b; in B/

Consider a problem instance given by the following bids: b = {1,2.3.4.}, b =
{2,3,6}, bs = {1,5,4}, by = {2,8}, bs = {5,6} and thecostsr; =8, ro =6, r3 =5, 1y =
2, r5 = 2. In this case the variables are by, by, by, by, b, their domains are {0,1} and the
constraints are Ry, Ry3, R4, Ro4. Ros, Ras. The cost network for this problem formulation
1s identical to its constraint network, since all the cost components are unary. The reader
can verify that an optimal solution i1s given by by = 0,by = 1,b3 = 1.by = 0.b5 = 0.
Namely, selecting bids by and by is an optimal choice with total cost of 11. a

Fall 2020 7



Probabilistic Networks

P(S)

P(C|S) P(B|S)
P(D|C,B)
C
o 0| o1 0.9
o 1| 07 0.3
/ 1 0| o8 0.2
1 1| o9 0.1

P(D|C,B)
P(X|C,S)

P(S,C,B,X,D) = P(S)- P(C|S)- P(B|S)- P(X|C,S) - P(D|C,B)
MPE: Find a maximum probability assignment, given evidence
= Find argmax P(S) - P(C|S) - P(B|S) - P(X|C,S) - P(D|C, B)
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Genetic Linkage Analysis

?2|? 1 Ala
?2|? B|b
AlA @ ?2 A
B|b ?|B
?2|? 5 ‘ Ala - 6 individuals
?1? B|b - Haplotype: {2, 3}
- Genotype: {6}
- Unknown
e.g., [Lauritzen & Sheehan, 2003] C )

Fall 2020 9



Pedigree: 6 people, 3 markers




Graphical models

* A graphical model (X,D,F): Relation
A C F
* X={X,,..X,} variables N e Ted _green e
. 0.0 _1 0.96 blue blue green
*D={D,,..D,} domains LN MK greer " red bl
* F={f,...f,}  functions R ICE
v A \ ffi = (F=4+0)
1.1 1 0.68
* Operators: ‘ f
v, i 7/
* combination /;;‘/;:‘/
/,

 elimination (projection)

Primal graph
* TaSkS: (interaction graph)
* Belief updating: =, [I;P,
* MPE: max[];P;

* CSP: [y %G

* Max-CSP: miny 2. f;

m All these tasks are NP-hard
m exploit problem structure
= identify special cases
m approximate

Fall 2020 11



Combination of cost functions
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* Introduction

* Solving by inference and search

* Inference

* Bucket elimination, dynamic programming, tree-clustering, bucket-
elimination

* Mini-bucket elimination, belief propagation
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Conditioning vs. Elimination

Conditioning (search) Elimination (inference)

=7

k “sparser” problems 1 “denser” problem

Fall 2020



Computing the optimal cost solution

Constraint graph

OPT = min f{(a,b)+f(a,c)+{(a, d)+f(b c)+i(b,d)+1(b, e)+f(c c)
——

e=0,d,c,b
'

N}bmahonk

min min f(a.d) + min fla.c)+fc.e) + min fabyHfibe)Hb.d)rfibe)
Y

'\'\\/ h”(a,d,c,e)

Variable Elimination

Fall 2020 18



Finding
OPT = min ij(X)

XX, j=1

Algorithm elim-opt (Dechter, 1996)
Non-serial Dynamic Programming (Bertele and Briochi, 1973)

OPT = m;an(a b)+ F(a,c)+ F(a,d)+ F(b,c)+ F(b,d)+ F(b,e)+ F(c,e)

mblnz «<—— Elimination operator

bucket B:  fla.b) fib.c) f(b.d) f(b.c)
L 1(0.0) {b.d) fb.c) (B
bucket C: f(c,a)f(c,e) h®(a,d,c,e) ©
\/
bucket D: f(a,d) h°(a,d,e)
. )
bucket E: e=0 h"(a.e) O
bucket A \h‘E/( )
ucket A: a
- (A

OPEai 2020 020



Generating the optimal assighnment

5. b'=arg mbinf(a’,b)+f(b,69+

+ (b, d)+ f(b,e)

4. c'=arg min f(c,a')+ f(c,e')+
+h%(a',d",c,e"
3. d'=arg mdinf(a’,d)+hc(a’,d,e9

2. e'=0

1. a'=arg min h'(a)

A

B: f(a,b) f(b,c) f(b,d) f(b,e)

Return (a',b’,c’',d’',e")

Fall 2020

C: f(c,a)f(c,e) h®(a,d,c,e)
D: f(ad) h°(ade)
E: e=0 h®(a,e)
A: h*(a)
w21



Complexity

Algorithm elim-opt (Dechter, 1996)
Non-serial Dynamic Programming (Bertele and Briochi, 1973)

OPT = min F(a,b)+ F(a,c)+ F(a,d)+ F(b,c)+ F(b,d)+ F(b,e)+ F(c,e)

a,e,d,c,b

m}jn Y. <—— Elimination operator

—

bucket B:  f(a.b) f(b.c) f(b.d) f(b.c)
\,\.\/
bucket C: f(c.,a)f(c,e) h®(a,d,c, e)
\/ - ~ —

bucket D: f(a,d) h°(a,d,e)

\ .
bucket E: e=0 h (a,e)

~.

bucket A: hE (a) exp(w*=4)
/
OPT 2 22




Induced width
Bucket-elimination is time and space

O(r exp(w (d))
w (d)— the induced width of the primal graph along ordering d

= f functi :
r = number of functions The effect of the ordering:

)

constraint graph W (d1) =4 W (dz) =7

Finding smallest induced-width is hard 23




Using a different ordering

Figure 13.1: The cost graph of the cost function: C(a.b,e.d, f,q) = Fyla) + Fy(a,b) +

Fyla,e)+ Fy(be, f)+ Fyla,b.d) + F5(f. g)

Bucket G- Fi(g.f)
Bucket D: F,(d.b.a)
Bucket F: F;(f.b.c)
Bucket B: F(b.a)
Bucket C: F,(c.a)

Bucket 4: Fy(a)

(@)

Figure 13.4: Bucket elimination along ordering d; = A,C, B, F.D,G.

Bucket D: F,(a.b.d)

Bucket F: _F,(b.c. f)

he(f),

Bucket B: F(a.b)

1P (a.b) hF (b, c),

Bucket C: \Fl (a.c)

l.'B(a.Q

Bucket 4: F,(a)

(b)

Fall 2020

he(a)
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Induced-width (again...)

= @
53 >
S <«
<
=)
G >
@ - @

Figure 13.7: Two orderings of the cost graph of our example problem

Fall 2020
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Min sum
Is more popular

Elim-opt: BE for optimization

Algorithm elim-opt

Input: A cost network C = (X, D, C), C = {F},..., F}}; ordering d
Output: The maximal cost assignment to Zj .,

1. Initialize: Partition the cost components into ordered buckets.
2. Process buckets from p < n downto 1

For costs hi. ho, ..., h; defined over scopes Q1,....,Q; in bucket,, do:

e If (observed variable) x, = a,, assign x, = a, to each h; and put in appropriate
buckets. Terminate if value is inconsistent.

e Else, (sum and maximize)
A«—U;Q; — {‘Tp}
P — manr J :
hP = maxz, ) i, hi.

Place AP in the latest lower bucket mentioning a variable in A.

3. Forward: From ¢ = 1 to n, given a;_;, assign x; a value a; that maximizes the sum
alues of functions in its bucket.

Figure 13.5: Dynamic programming as elim-opt

Fall 2020 26



Algorithm elim-opt-cons

Input: A cost network C = (X, D,Cy,Cy), C, = {Rs,....,Rs,.}; Cs = {Fg,,....Fg,}
ordering d;

Output: A consistent solution that maximizes } . . Fi.

1. Initialize: Partition the (s and (', into buckets using the usual rule.

2. Process buckets from p — n downto 1,

For costs hi,hg,....h; defined over scopes (1,...,Q;, for hard constraint relations
Ry, Ra, ..., Rt defined over scopes 51, ..., 5; in bucket,, do:

o If (observed variable) x,, = a,, assign x, = a, to each h; and each R; and put in
appropriate buckets.

e Else, (sum and maximize, join and project)

1. Let Up =U;S; — {zp}, Vp =UiQi — {zp}, Wp=Up UV,
2. RP = my,(Mi_; R;). (generate the hard constraint)

3. For every tuple t over W}, do: (generate the cost function)

hP(t) = Maliq,|(tap) satisfies {Ri,....Ri}} > =1 hilt, ap).
Place hP in the latest lower bucket mentioning a variable in W,. Place RP in
the bucket of the latest variable in U,.

3. Forward: Assign maximizing values in ordering d, consulting functions in each bucket.

Figure 13.6: Algorithm elim-opt-cons

Treating constraints as constraints

27



Bucket-elimination for combinatorial auction

BUCket [}4-‘ \1{.-”: 1{423 r(l)al)J
Bucket &, A jfm
Bucket b,: Ry, R, r{b;) ) A’ (b,5,),

Bucket b, #(b;) H (b,b)  h(b.b;),

Ry

Bucket b r(b)) R (b))

O ® ©

b

Q

(@) (b)

Figure 13.8: Schematic execution of elim-opt on the auction problem

Fall 2020 28



Elim-opt for auction problem

processing bucket by. In this bucket we compute h*(by, by) = MAX{ (by](by bo,bs)€RarRaz} T(D4),

vielding:
4 _JO =1 0orby=1
b ‘{ 2 if by = 0.by =0

Processing bucket by we compute h3(by. bs) = max{(by|(by,babs)eRaseitas} T(b3), vielding:

f13(1)1_b5) — { 0 ifby=1 orbs=1

5 ifby =0,bs =0

Processing bucket by. which now mncludes a new function, gives us:
2 - . < L 4 O s L —
h(by, bs) = MaXy(by|(by o bs)eRararos} (7' (b2) + A% (by, ba)), yielding:

0 ifby=1bs=1
0 ifby=1bs=0
by =0,b5=1
if by =0,b5 =0

]?2(])1. 1)5) =

N

Bucket b,: R,,. Ry,. r(b,),

Bucket b0 R,,. R,.. r(b,),

Lﬁ b1={1;2;3;4); b2={2;3;6}
Bucket by Ry Ry, rib) ) H'(8.by), b3={1;5;4}  b4={28} b5={5

6}
Bucket A.: _r(h.) b b)) (b, _b.)
e T] ‘ . costs r1=8;,r2=6,r3=5,r4=2;r5=
Bucket 5 r(h)) W(h) 2
¥
b

2020 29



Bucket-elimination for counting

Algorithm elim-count
Input: A constraint network R = (X, D, C), ordering d.
Output: Augmented output buckets including the
intermediate count functions and The number of solutions.
1. Imitialize: Partition C' (0-1 cost functions) into ordered buckets buckety, ..., bucket,,
We denote a function in a bucket N;, and its scope S;.)
2. Backward: For p «— n downto 1, do
Generate the function NP: N¥ =5 v T]y, ebucket, N;.
Add NP to the bucket of the latest variable in | }_; Si — { X}
3. Return the number of solutions, N! and the set of output
buckets with the original and computed functions.

Figure 13.9: Algorithm elim-count

Fall 2020 30




Outline

* Introduction

* Solving by inference and search

* Inference

* Bucket elimination, dynamic programming, tree-clustering, bucket-
elimination

* Mini-bucket elimination, belief propagation

Fall 2020
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Directional i-consistency

Adaptive i d-path
EE: '
D:D+C,D-A RD&? IgmaR
C:C=«=B E}QB
B: A-B |

A:
Fall 2020



Mini-Bucket Elimination (MAP/MPE)

Split a bucket into mini-buckets —> bound complexity
bucket (X) =

{F b foy fovns o f

/ AX(.):ma?X ﬁfz(a:,)\
{fl,...fr} {fm,...fn}

Ax(s) = max H Jelews o mis) Ax2() = max H 0 s e o)

i=1 1=r+1

Exponential complexity decrease: O(e”) — O(e"") + O(e”_"“)

AAMAS 2018 34



Mini-Bucket Elimination (MAP)

mini-buckets [Dechter & Rish 2003]
— T
f L A} I's 1 \
pucket B f(a,) f(b,¢)  f(b.d) f(bee)
o \
bucket C: lf(c, a) f(c,e) Ap—cl(a,c)
bucket D: / fla,d) Ap_p(d,e)
l & .
' bucket E: | ACSE (a, 6) )\E_>E(CL,'6)
OO /
" bucket A: fla) Ae—al(a)

X

U = upper bound

Ao ge(a,e) = max. .. In our case, minz

35



Mini-Bucket Decoding (MAP)

mini-buckets

— T

b7 = argmpx f(a7,0) - 75, ¢7) B:  f(a. b)lf (be)  f(b, d;f (b, )
(o) £ (b, M |
c* = arg max f(e,a™) - f(c,e") - Apco(a™,c) ¢ lf(c’ a) fle.e) Ap-cla, )
o i F@ D) Apap(d, e D: \f(a, d) )\f_m(d, e)
e’ = arg max Aeog(a®,e) - Ap_g(a”,e) & ')\C_}E(Ciﬁ Ap-5(,€)
a® = arg max fla) - Ap—a(a) A: lf(a) >\E—>A(ai)

X

U = upper bound
Greedy configuration = lower bound P

AAMAS 2018 36



Properties of Mini-Bucket Eliminaton

Bounding from above and below:

i=1

Relaxation upper bound by

20 L ,/ mini-bucket

1=13
* MAP

Consistent solutions ( greedy search)

AAMAS 2018 37

* Complexity: O(rexp(i)) time
and O(exp(i)) space.

* Accuracy: determined by
Upper/Lower bound.

* As i increases, both accuracy
and complexity increase.

* Possible use of mini-bucket
approximations:
* As anytime algorithms
* As heuristics in search



MBE vs BE

Bucket G: Fi(f.g)

Bucket B: \Ij‘(am Fi(c.b. f). F(a.b),

T
Bucket C: Fy(a.c) / h*(a.c.d. f),
N
Bucket D: .hc(f:(-d-f),
Bucket F: th(f) hD(a.d)/
Bucket 4: Fy(a) hF(a_),
Opt

(a) A trace of elim-opt

Fall 2020

Figure 13.1: The cost graph of the cost function: C(a,b,c.d. f.g) = Fyla) + Fi(a.b) +
Fy(a,c) + Fs(b,c. f) + Fyla.b.d) + F5(f.g)

Bucket G: Fi(f.g)

Bucket B: \Fs(b.c.f)j kF‘,(a.b.d). Fi(a.bl

—~

Bucket C: F,(a.c) h® (9

Bucket D: .hc(a‘-d ),

Bucket F: \@C(a.f) hG(f)J

Bucket 4: Fj(a) h" (a),
Opt

(b) A trace of mbe-opt(3)

41



Bucket-elimination for combinatorial auction

example
Bucket b,; R,,, R,,, r(b,) ()
Bucket #; R, R_m @
Bucket b, R, Ry #(b) | A'(5,.5,), (5:)
Bucket b, #(b;) # (bf b)) R (byLb), ()
RY
Bucket b, r(5,) R (b)) ()
by
(@) (b)
Figure 13.8: Schematic execution of elim-opt on the auction problem

Fall 2020 42



Example mbe-opt

Example 13.4.3 Let us apply algorithm mbe-opt(2)to the auction problem along the or-
dering d = by, bs, by, by, by. Figure 13.12 shows the resulting mini-buckets; square brackets
denote the choice for partitioning.

We start with processing bucket by. A possible partitioning places the constraint R4 in
one mini-bucket and the rest in the other. We compute a constraint R*(b1) = ms, Ru1,
which is the universal constraint so it need not be recorded. In the second mini-bucket,
we also compute h'(by) = MAX {(g](bs b} Raz} T(ba), yielding:

M(by) = { 0 ifby=1 Bucket by :  [Ra1], [Ra2, r(by

2 ifb=0
. . e . Bucket b : [Rgl] [R35,, ba
Processing the first mini-bucket of by, which includes only hard constraints, will also not ef-
fect the domain of by. Processing the second mini-bucket of by by h*(bs) = max((b,)(be bs)e Ras) 7(b3), Bucket b_)_ - [RQ]] [R‘) ST (b

or N

yields: i
K (be) = { 0 ifbs=1 Bucket b' G [T b5) || h (b ,
ReAte= Bucket by : r(by) || h®
Processing the second mini-bucket of by (the first mini-bucket includes a constraint whose 1 1!
projection is a universal constraint) by A%(bs) = max (s, (by,bs)cras) (T(b2) + A (b2)), gives Yleldlng Opt h — A'I

= 2 ifbs=1
2 s 105 =
h(bS)_{G ifbs =0

Processing bucket by (with full buckets now) the algorithm computes h® = maxy, (r(bs) +
h?(bs) + h3(bs)), yielding:
h® =11

Finally, in the bucket of b; the algorithm computes h' = maxy, (r(by) + A°), yielding:
M =max{0+ 11,8 + 11} =

The maximal upper—bound cost 1s therefore 19. To compute a maximizing tuple we
select in bucket by the value b; = 1, which maximizes r(b;) + h%. Given by = 1, we choose
bs = 0, which maximizes the functions in bucket b;. Then, in bucket by, we can choose
only by = 0, due to the constraint Ry,. Likewise, the only subsequent choices are by = 0
and by = 0. Therefore, the cost of the generated solution is 8, yielding the interval [8,19] 43
bounding the maximal solution. O



Algorithm mbe-opt

Algorithm mbe-opt(i)

Input: A cost network C = (X, D, C); an ordering d; parameter i.

Output: An upper bound on the optimal cost solution, a solution and a lower bound
and the ordered augmented buckets.

1. Initialize: Partition the functions in C' into bucketq, ..., bucket,,, where bucket;
contains all functions whose highest variable is x;. Let S1,...,.S; be the scopes of func-
tions (new or old) in the processed bucket.

2. Backward For p — n down-to 1, do

e If variable z), is instantiated (z, = a,), assign =, = a, to each h; and put each result-
ing function into its appropriate bucket.

e Else, for hy, ho, ..., hj in bucket,, generate an (i)-partitioning, Q = 0 P—L ) N

For each Q; € Q’ containing hy, , ...h;, generate function h!, h! = max, Zézl hy, .

Add 1! to the bucket of the largest-index variable in Uy, Uy = | J_; scope(hy,) — iz}
3. Forward For i = 1 to n do, given ay, ..., a,_1 choose a value a, of r, that maximizes
the sum of all the functions in z;,’s bucket.

4. Return the ordered set of augmented buckets, an assignment a = (aq,...,a,), an
interval bound (the value computed in bucket; and the cost F(a)).

Figure 13.9: Mini-Bucket Elimination Algorithm
rdall ZuzZu
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Properties of MBE(i)

Complexity: O(r exp(i)) time and O(exp(i)) space.

Yields an upper-bound and a lower-bound.
Accuracy: determined by upper/lower (U/L) bound.
As i increases, both accuracy and complexity increase.

Possible use of mini-bucket approximations:
* As anytime algorithms
* As heuristics in search

Other tasks: similar mini-bucket approximations for: belief updating,
MAP and MEU (Dechter and Rish, 1997)

Fall 2020
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Outline

* Introduction
* Optimization tasks for graphical models
* Solving optimization problems with inference and search

* Inference
* Bucket elimination, dynamic programming
* Mini-bucket elimination

* Search
* Branch and bound and best-first
* Lower-bounding heuristics
* AND/OR search spaces

Fall 2020
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Branch and bound

procedure BRANCH-AND-BOUND

Input: A cost network C = (X, D, Cy, C;), L current upper-bound, An upper-bound
function f defined for every partial solution.

Output: Either an optimal (maximal) solution, or notification that the network is
inconsistent.

i—1 (initialize variable counter)
D; — D; (copy domain)

Whilel1 <i<n

instantiate z; < SELECTVALUE

If z; is null (no value was returned)
i—i—1 (backtrack)

Else

i—i+1 (step forward)

D «— D;

Endwhile

Ifi=0

Return “inconsistent”

Else

Compute C = C(x1,....xn), U < maz{C, L}
ie—mn-—1

end procedure

procedure SELECTVALUE

If i = 0 return U as the solution value and the most recent assignment as solution.
While D) is not empty

select an element a € D] having max f(ai-1,a)

and remove a from D)

If < z;,a > is consistent with @;_; and f > L, then

Return a (else prune a)
Endwhile
Return null (no consistent value)

end procedure
Fall 2020

F‘iﬂ'lll‘ﬂ 1‘2 ‘)' TI'IP Rranr‘h S!T‘I(] Rnnnd ﬁ]ﬂnl";th'ﬂ1
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Search tree for first-choice heuristic

= F,-eca'ir‘laﬁ" a b,
b;
b,
bs

Figure 13.3: Branch and bound search space for the auction problem

Example 13.2.1 Consider the auction problem described in Example 13.1.2. Searching
for a solution in the order d = by, by, by, by, by yields the search space in Figure 13.3,
traversed from left to right. The search space 1s highly constrained in this case. The
evaluation bounding function at each node should overestimates its best extension for a
solution. The first-choice bounding function for the root node (the empty assignment)
is 23. The first solution encountered (selecting < b;,1 > and < bs,1 >) has a cost
of 10, which becomes the current global lower bound. The next solution encountered
has the cost of 11 (when < by, 1 > and < bg,1 =), while the rest of the variables are
assigned (). Subsequently, the partial assignment (< by,0 >, < by, 0 >) is explored. Since
fre(< by,0 >, < by, 0 >) =9, this upper bound is lower than 11, and therefore search can
be pruned. m]

48



The search space

ABFf|[ACKH|[AER|/AFT [BCFRI[BDR BER[CDFIEFT,
0021|003 /000 /002 000 004|003 |001 001
010010013 010/011//012 1012|014 010
101100 /102//100//102//101/|101 100 100
114111110112 /114//110/|110/110 112
9
Objective function: f(X)=min , Y f(X)
i=1
0 0
0 0 0 0
q 0 q 0 q 7 0 ¥

[0][1][0][1][o][1][o][1][o][1][0][1][e][1][0][1][0][1][0][1][0][1][e][1][0][1][0][1][e][1][0][1] [0][1][0][1][0][1][o][1][o][1][0][1][o][1][0][1][0][1][0][1][0][1][o][1][0][1][0][1][0][1][0][1
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The search space

E Ffy

CDf,

BET,

BDf,

B Cf.

AFf,

AEf

ACf,

101 100/102//100/102 (101|101 100 100

114 /111//110//112//114/{110//110/110//112

ABf,

002|003 000 002|000 004 003 001 001

010010 013/010 011 012|012 014 010

5/\2 5/\2

2

o [4] [o] [of [o] [4] [of [a] [of f[af [of [a] [of T[4l [o] [a] [of [a] [o] [a] [of [a] [ol
3/\0
F [o][1][o][1][0][1][0][1][0][1][0][1][0][1][e][1][e][1][o][1][0][1][0][1]0][1][o][1][e][1][0][1] [o][1][0][1][e][1][0][1][o][1][0][1][0][1][0][1][0][1][0][1][0][1][0][1][0][1][0][1][0][1][0][1

E

41/R20/4 1

0

23/02/\2 1/\20/\4 1

23/102/\23/\0 2/\23/\02/\2 3/\02/\23/\0 2/\23/\0

Arc-cost is calculated based on cost components.
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E

The value function

ABf,| ACf, |[AEf;] AFf, BCf, BDf BETf, |CDfg EFf,
002 /003|000 002|000 /004|003 /001001
010/010/013/ /0101011012 |012/|014 010
101//100/|102/|100//102//101/|1 01 |100 100
114 111//110//112 /114 |1101/110 1110112
5
0 0
5/o| 7[1]
2 0 0 4
6[0] 5[1] 7 o] 4[1]

3 1 5 4 0 2 2 5

8 [o] 5[1] 3[o] 1[1] 7|0] 4[1] 2[o] o[1]
5 6 4 4 1 0 5 6 q 2 4 0

3o 30 3l 3@ 1l 1fff 1fo] 1[4 200 2[ 2[o] 2[4 ol ofaf ofd of1
3/\s 3/\5 3/\s 3/\s 1/\3 1/\3 1/\3 1/\3 5/\2 5'\2 5 \2 5 \2 3/\0 3/\0 3/\0 3/\0

olo] 2[1] ofo] 2[1] ofo] 2[1] ofo] 2[1] ofo] 2[1] ofo] 2[1]o[o] 2[1] o[o] 2[1] 1[o] o[1] 1[0 o[1]1 o]0 [1]1 0] 0[1] 1]0] o[1] 1[0 0 [1]1 [o] 0 [1] 1 o] O [1]
3/\02/\23/\0 2/\23/\0 2/\2 3/Y0 2/\2 3/\0 2/\2 3/\0 2/\23/\0 2/\23/V0 2/\2 1/\20/\4 1/R 0/\d1/R 0/\4 1/2 0/\a 1/\20/\a 1/2 0/\4 1/\2 0/\4 1/\2 0/\4

[0][1][0][1][o][1][o][1][o][1][0][1][e][1][0][1][0][1][0][1][0][1][e][1][0][1][0][1][e][1][0][1] [0][1][0][1][0][1][o][1][o][1][0][1][o][1][0][1][0][1][0][1][0][1][o][1][0][1][0][1][0][1][0][1

Value of node = minimal cost solution below it
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E

An optimal solution

ABf,| ACf, |[AEf;] AFf, BCf, BDf BETf, |CDfg EFf,
002 /003|000 002|000 /004|003 /001001
010/010/013/ /0101011012 |012/|014 010
101100 /102//100/|102/ 101|101/ 100|100
114//111 /110 /112|114 110//110 (110112
5
0 0
516 7|1}
2 0 0 4
6[0] 5[1] 7 [o] 4[1]

3 1 5 4 0 2 2 5

8 [o] 5[1] 3[o] 1[1] 7|0] 4[1] 2[o] o[1]

5 6 4 4 1 ) 5 6 4 2 4 0
3[0] 3[1] 3[o] 3[1] 1[0] 1[1] 1 [o] 1 [1] 2[0] 2 [1] 2 [o] 2 [1] 0[o] o [1] 0 [0] o [1]
3/\s 3/\5 3/\5 3/\5 1/\3 1/\3 1/\3 3 5/\2 5/\2 5/\2 5/\2 3/\0 3/\0 3/\0 3/\0
ofo] 2[1] o[o] 2[1] o[o] 2[1] o[o] 2[1] ofo] 2[1] o[o] 2[1] o[o] 2[1] 0[] 2[1] 1[o] o[1] 1[o]o[1]1[0]o[1]1[0o]o[1] 1[0o] o[1] 1[0o] 0 [1]1 [o] 0 [1] 1 [o] 0 [1]
3/\02/\23/\0 2/\23/\0 2/\2 3/\0 2/\2 3/\0 2/\2 3/\0 2/\23/\0 2/\2 30 2/\2 1/\20/\a 1/\2 0/\a1/\2 0/\a 1/\2 0/\4 o/v1/20/\a1/\20/\a1/\20/\4

[0][1][0][1][o][1][o][1][o][1][0][1][e][1][0][1][0][1][0][1][0][1][e][1][0][1][0][1][e][1][0][1] [0][1][0][1][0][1][o][1][o][1][0][1][o][1][0][1][0][1][0][1][0][1][o][1][0][1][0][1][0][1][0][1

Value of node = minimal cost solution below it
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Basic heuristic search schemes

Heuristic function f(x) computes a lower bound on the best
extension of x and can be used to guide a heuristic
search algorithm. We focus on

1.Branch and Bound 2.Best-First Search
Use heuristic function f(xP) to ~ Always expand the node with
prune the depth-first search tree. the highest heuristic value f(xP).

Linear space Needs lots of memory
Q)
Q. Q
@, O
7 < | Y N

O O
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Classic branch-and-bound

Upper Bound UB

Lower Bound LB

(5 LB(n) = g(n) + h(n)

Prune if LB(n) > UB

h(n)

OR Search Tree
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How to Generate

* The principle of relaxed models

* Linear optimization for integer programs
* Mini-bucket elimination
* Bounded directional consistency ideas

Fall 2020

Heuristics

57



Generating Heuristics for
Graphical Models

Given a cost function:

fla,..,e) =f(a) + f(a,b) + f(a,c) + f(a,d) + f(b,c) + f(b,d) + f(be) + f(c,e)
define an evaluation function over a partial assignment as the cost of its
best extension:

f*(a,e D) = rglin F(a,b,c, D,é)
,C

\ j o [& == 1,é == 0]
f A B
E H-\-..."'\-\. '““‘-u..__ﬁ
= g(a,6,D) + h*(4,8,D) R i | J @

b @ E @ @
C EEBEEE O D
B PEPHORPEPEPEDEDE DRPROEORBEBEBREE

6 EEEEE
[Kask and Dechter, 2001] VoA LA
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Static Mini-Bucket Heuristics

Given a partial assignment, [ad =1,¢ = 0]
mini-bucket gives an admissible heuristic:
mini-buckets

A ..@_:______.......-vr"'_--- ‘/\‘mlnzf()

= @ m __ IJ'E » bucket B: f (a,b) f(b, c) f (b, d) f (b, e)
) , P . o AN [ J

o @ B @ ®§ @ B § @ Y

c @ @ @ [i] @ @ @ E'] VAN @ E' @ E] @ @ bucket C: lAB_)C(a,c) f(c,a) f(c,e)l

8 UHONBABHONONOROHENENONOREN SRONOR bucket D fla, d) ABqDﬁ(d, e)

prome ——

|
cost to go: ] W
h(a,8,D) = Aq.:(a,8) ] bucket E: Ac-p(a€) Apg(ae)

+£@@ D) + 255 (D, &) v
(admissible: (&, é,D) < h*(a,é,D)) buckyif (@) Ag-a(@)
cost so far: \¥
g9(a,é,D) = f(A=a) L = lower bound

AAMAS 2018 64



BBMB(i) with mini-bucket
b1={1;2;3;4}); b2={2; 3;6};
b3 ={1;5; 4}
costs M1 =8;r2=6;r3=5r4=2;r5=2

heuristics

Let us now apply BuB with f,;. which is the bounding function extracted from mbe-
opt(2). Based on the functions in the augmented bucket of by produced by mbe-opt(2),
Fun(by = 0) = v(by) + h° =84+ 11 = 19 while fy(by =1) = 04 11 = 11. Consequently,
by = 1is chosen. We next evaluate fou(by = 1,bs) = 8 + h3(bs) + h%(bs), vielding
fan(bs =0) =19 and f,,5(bs = 1) = 10. Consequently, b5 = 0 is chosen. The path is now
deterministic, allowing the only choices: by = by = by = 0. We end up with a solution
having a cost of 8, which becomes the first global lower bound L = 8. BnB backtracks.
The path is deterministic, dictating the choices (by = by = by = 0) whose bounding cost
equals 10, vielding a solution with cost 10 (by = 1,b5 = 1,y = 0,03 = 0,b4 = 0,). The
global lower bound L is updated to 10. The algorithm backtracks to the next choice
point, which is (by = 0), whose bounding cost is 11. Next, for by, fup(by = 0,by) =
0+ r(bs) + h3(bs) + 123(b5). yvielding fop(bs = 1) = 4, which can be immediately pruned
(less than 10), and fop(bs = 1) = 11. We select by = 0. Subsequently, choosing a
value for by we get: frp(by = 0,b5 = 0,by) = r(by) + h*(by) + h*(bs) (note that h3(bs)
is not included since it is created in bucket by). This vields fip(by = 1) = 11, while
fap(by = 0) = 5, which is pruned. The next choice for by is determined using the
bounding function fo(b; = 0,05 = 0,by = 1,b3) = 6+ r(bs) + h*(by = 1), vielding for
by = 1 the bound 11. while for by = 0 the bound 6, which will be pruned. b3 = 1 1s
selected. Subsequently, only by = () 1s feasible and we get the best cost solution of value
11. The global lower bound, L 1s updated to 11 and BnB will lead to only pruned choices.

We see n this example that the performance of BnB using these two bounding func-

Fall 2020

b,

by

by

b4 = {2; 8} b5 = {5; 6}

Bucket by : [Ru]. [R.;g, 7‘(
Bucket b3 : [Rai], [Ras, r(
Bucket by 1 [Roy], [Ros, r(
Bucket bs :  [r(bs) || h*(bs), A’
Bucket by :  r(

Yielding: opt:



BnB with first-cut (b) and mini-
bucket (a) heuristics (BBMB(i))

10 8 11

Bucket by : [R.n]. [R.p, r
Bucket b3 : [Rai], [Ras, 7
Bucket by :  [Royq], [Ras, r(b:
(a) Bucket bs @ [r( bj | Rk
Bucket by :  7(by) || k®
Yielding: opt: h‘ =M v




Heuristics properties

* MBE Heuristic is monotone, admissible
e Retrieved in linear time

* IMPORTANT:

* Heuristic strength can vary by MBE(i).

e Higher i-bound = more pre-processing = stronger
heuristic = less search.

* Allows controlled trade-off between
preprocessing and search

Fall 2020
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Experimental methodology

Algorithms
* BBMB(i) — Branch and Bound with MB(i)
* BBFB(i) - Best-First with MB(i)
« MBE(i)

Test networks:

* Random Coding (Bayesian)
* CPCS (Bayesian)

 Random (CSP)

Measures of performance

* Compare accuracy given a fixed amount of time - how close is the cost
found to the optimal solution

* Compare trade-off performance as a function of time

Fall 2020
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% Solved Exactly

1.0

0.9 -

0.8

0.7

0.6

0.5

04 -

0.3

0.2

0.1

0.0 &

Empirical evaluation of mini-bucket heuristics,
Bayesian networks, coding

Random Coding, K=100, noise=0.28

Y R N A Y A V=V VoV,

—8&— BBMBi=2

O BFMBi=2
—v— BBMBi=6
— - BFMBi=6
—&— BBMBi=10
—-- BFMBi=10
— - BBMBi=14
—— BFMBIi=14

% Solved Exactly

1.0

0.9 4

0.8 4

0.7 |

0.6 4

Fall 2020

Random Coding, K=100, noise=0.32

oO/booool—r""

- rv—v—v—wr  ananhS S
*r

NV V

oooooooooooeooo‘

V—V V

vvvvvv

_e— BBVBi=6
..0.- BFMBi=6

—y— BBMBi=10
—g - BFMBi=10
—_m— BBVBi=14
—g - BFMBi=14

Time [sec]

20
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Max-CSP experiments

(Kask and Dechter, 2000)

MBE MBE MBE MBE MBE MBE
BBMB | BBMB | BBMB | BBMB | BBMB BBMB | PFC-MRDAC
BFMB | BFMB | BFMB | BFMB | BFMB BFMB
i=2 i=4 1=0 1=8 i=10 i=12
#/time | #/time | #/time | #/time | #/time | #/time #/time
N=100, K=3, C=200. Time bound 1 hr. Avg w*=21. Sparse network.
70/0.03 | 90/0.06 | 100/0.32 | 100/2.15 | 100/15.1 | 100/116
00/12.5 | 100/0.07 | 100/0.33 | 100/2.16 | 100/15.1 | 100/116 |  100/0.08
80/0.03 | 100/0.07 | 100/0.33 | 100/2.15 | 100/15.1 | 100/116
0/- 0/- 4/0.35 | 20/2.28 | 20/15.6 | 24/123
0/- 0/- 96/644 | 92/41 96,/69 100/125 100/757
0/- 0/- 56/131 | 88/170 | 92/135 | 100/130
0/- 0/- 0/- 0/- 4/14 4 4/114
0/- 0/- 100/996 | 100/326 | 100/94.6 | 100/190 100/2879
0/- 0/- 16/597 | 60/462 | 88/344 84/216
0/- 0/- 0/- 0/- 4/14.9 8/120
0/- 0/- 52/2228 | 88/1042 | 92/396 | 100/283 100/7320
0/- 0/- 4/2934 | 8/540 28/365 60/866 )




Dynamic mbe heuristics

e Rather than pre-compiling, the mini-bucket heuristics can be
generated during search

* Dynamic mini-bucket heuristics use the Mini-Bucket algorithm to
produce a bound for any node in the search space

(a partial assignment, along the given variable ordering)
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Branch and bound w/ mini-buckets

* BB with static Mini-Bucket Heuristics (s-BBMB)

* Heuristic information is pre-compiled before search. Static variable
ordering, prunes current variable

* BB with dynamic Mini-Bucket Heuristics (d-BBMB)

* Heuristic information is assembled during search. Static variable
ordering, prunes current variable

* BB with dynamic Mini-Bucket-Tree Heuristics (BBBT)

* Heuristic information is assembled during search. Dynamic variable
ordering, prunes all future variables
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Empirical evaluation

* Algorithms: = Measures:

e Complete = Time
- BBBT o
. BBMB = Accuracy (% exact)

¢ Incomplete = #Backtracks
o - Bit Error Rate (coding)
« SLS
. 1IGP
* 18P {coding) = Benchmarks:

= Coding networks

Bayesian Network Repository
Grid networks (N-by-N)
Random noisy-OR networks
Random networks
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Real World Benchmarks

BBBT/ | BBBT/ | BBBT/ | BBBT/
avg. | max | BBMB/ | BBMB/ | BBMB/ | BBMB/ | GLS | DLM | SLS
Network |# vars|dom.|dom.| LIGP [JGP [IGP [IGP
i=2 1=4 =6 1=8 %o %% Yo
Y[time] | %[time] | %[time] | Ye[time] | [time] | [time] | [time]
100[0.28] | 100]0.56] - - 15 0 90
Mildew 35 17 | 100 | 30[10.5] | 95[0.18] - - [30.02]][30.02]][30.02]
90[3.59] | 97[33.3 - -
O5[1.65] | 95[1.65] | 95[2.32] |100]1.97]| O 0 0
Munin2 | 1003 | 5 21 | 95[30.3] | 95[30.5] | 95[31.3] |100[1.84]|[30.01]{[30.01]|[30.01]
05[2.44] | 95[5.17] | 95[64.9] -
90[15.2] (100]3.73] [100]2.36]|100[0.58]| 10 0 0
Pigs 441 3 3 | 0[30.01] | 60[4.85] | 80[0.02] | 95[0.04] {[30.02]][30.02]][30.02]
S0[0.31] | 77[0.53] | 80[1.43] | 83[6.27]
100[0.17]{ 100[0.27]| 100[0.21]]100[0.19]| 100 100 100
CPCS360b| 360 | 2 2 100]0.04] |100]0.03] | 100[0.03] | 100]0.03] [[30.02]][30.02] |[30.02]

100[10.6]

100[10.5]

100[9.82]

100[8.59]

Average Accuracy and Time. 30 samples, 10 observations, 30 seconds

Fall 2020
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Empirical Results: Max-CSP

 Random Binary Problems: <N, K, C, T>
* N: number of variables
e K: domain size
e C: number of constraints
* T: Tightness

e Task: Max-CSP

Fall 2020
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BBBT(i) vs BBMB(i), N=100

N =100, K =5, C = 300. w™ = 33.9. 10 instances. time = 600sec.

. . . BBMB ] ) BBBT PFC-MPRDAC
1=2 1=3 1=4 1=5 1=6 1=7 i=2
# solved # solved # solved # solved # solved # solved # solved # solved
time time time time time time time time
backtracks | backtracks | backtracks | backtracks | backtracks | backtracks | backtracks backtracks
6 6 6 6 8 8 10 10
6 6 6 5 6.8 15 7.73 0.03
150K 150K 150K 115K 115K 8 60 750
2 2 2 2 3 3 10 10
36 32 24 5.3 38 33 14.3 0.06
980K 880K 650K 130K 870K 434K 114 1.5K
0 0 0 0 0 0 10 6
29 267
331 1.6M

BBBT(i) vs, BBMB(i).
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Outline

* Introduction
* Optimization tasks for graphical models
* Solving optimization problems with inference and search

* Inference
* Bucket elimination, dynamic programming
* Mini-bucket elimination

e Search
* Branch and bound and best-first
* Lower-bounding heuristics
* AND/OR search spaces

Fall 2020
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Classic OR search space

Ordering: ABECD F
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AND/OR search space

Primal graph
®
o il
(&) (&)
] ] o ]
(® O, (®) () (®) O, (® ()
o] [ [3] 1 O O O il o [ [3 1 B 0 [ 1



OR

[0
OR ()
0] 1]
orR  (® () (E) ()
o] [1] [o] 1] o] [1] [o] 1]

(8) AND/OR

OR @ ® @ & & ® @& & o 6 @ & @ & @ ©
(A A OO AN ORGP EE O OF 0 0 6

AND/OR size: exp(4), OR size exp(6)

Cc 0] 1] 0] 1]

D lof [ [of [o (o [ [of [af [of [1] [of [1] [o] [a] Io]

F  [ol[1][olf] (][] (o] f+ife]f] (o] +]fol 1 ol 41 [o][+] fofx] [o][+] [o] f+]fo] 1 [o] ol 1]

2()2(} B0
of{1][o|[1]{o][][o]|1]|e]{x]{ol{x]|o]|1]|0]1][o]f1] 0] ]|elfx]|o|{1][0]1lo][1] {ol[1] o]|1]|0]|1]




OR space vs. AND/OR space

widt | heigh OR space AND/OR space
t Time (sec.) Nodes Backtracks Time (sec.) AND nodes OR nodes
5 10 3.154 2,097,150 1,048,575 0.03 10,494 5,247
4 9 3.135 2,097,150 1,048,575 0.01 5,102 2,551
5 10 3.124 2,097,150 1,048,575 0.03 8,926 4,463
4 10 3.125 2,097,150 1,048,575 0.02 7,806 3,903
5 13 3.104 2,097,150 1,048,575 0.1 36,510 18,255

Random graphs with 20 nodes, 20 edges and 2 values per node.
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AND/OR vs. OR

0,C=

(B=

(p)

OR
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OR

OR

OR

OR

Mmoo O m W P>

0
(8)
il
(E)
A [ [ g
OMORC)

(D)

Fall 2020

(A=1,B=1)
(B=0,C=0)

AND/OR vs. OR

Space: linear
Time:
O(exp(m))
O(w* log n)

OR

Linear space,
Time:
O(exp(n))
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CSP — AND/OR search tree

A E F Ry

0

0

A B _E|Ru)

B _C D|Rsop]

0

0

0

A B C[Ryu

OR

OR

OR

OR
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CSP — AND/OR search tree

A E F Ry

0

0

A B _E|Ru)

B _C D|Rsop]

0

0

0

A B C[Ryu

OR

OR

OR

OR
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A B E|Ry|
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CSP — AND/OR Tree DFS

OR
OR

s AND node: Combination operator (prg

3 o]

2 1(®

20 1(®) 2()
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AND/OR Tree search for COP

()

Ji(X)

9
1=

Goal:minXZ_
4

1

5

0

OR
AND
OR
AND

OR

1

0

10 00

1

200 0O o0 20

0

0

50 20 o0 20

AND

1) o) 20 o

50 20

OR

AND

5 6 4 2 1 2 0 4 2 41 01 2 0 4
@NM@M@M@@@Q@WMKQMMH%W)

2 41 0 3 0 2 2

5 6 4 2 3 0 2 2
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Summary of AND/OR search trees

* Based on a backbone pseudo-tree
* A solution is a subtree

* Each node has a value — cost of the optimal solution to the subproblem
(computed recursively based on the values of the descendants)

 Solving a task = finding the value of the root node

* AND/OR search tree and algorithms are

([Freuder & Quinn85], [Collin, Dechter & Katz91], [Bayardo & Miranker95])
e Space: O(n)
 Time: O(exp(m)), where m is the depth of the pseudo-tree
* Time: O(exp(w* logn))
* BFSis time and space O(exp(w™* log n)
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From search trees to search
graphs

* Any two nodes that root identical subtrees or subgraphs can be
merged




From search trees to search
graphs

* Any two nodes that root identical subtrees or subgraphs can be
merged




{A,B,C}

Caching
= {A, B}

;{D}

K}

context(B)
OR  context(C)
context(D)
context(F)

OR

91
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An AND/OR graph:
Caching goods

14
(@]

OR

OR



Context-based Caching

e Caching is possible when context is the same

e context = parent-separator set in induced pseudo-graph
= current variable +
parents connected to subtree below

context(B) = {A, B}
context(c) = {A,B,C}
context(D) = {D}
context(F) = {F}

Fall 2020
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OR

OR

OR

OR

AND/OR Search Graph

context(A) = {A}
context(B) = {B,A}

c () F context(C) = {C,B}
. 1 context(D) = {D}
D 8) E ! context(E) = {E,A}
Primal graph context(F) = {F}
Pseudo-tree
(®)
i
(8)
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OR

OR

OR

OR

AND/OR Search Graph
A

context(A) = {A}
. context(B) = {B,A}
-~ context(C) = {C,B}
.+ context(D) = {D}
/ context(E) = {E,A}
context(F) = {F}
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Context-based caching

context(C) = {C,B} o \B) E

Cache Table (C)

B _C Value

Space: O(exp(2))
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AND/OR Search Graph (Optimization)

Objective function: F* = manfa(xa)

OR

AND

OR

AND

OR

AND

OR

AND of 1] [of [1 [o] 1] [o [

Context minimal AND/OR search graph

AAMAS 2018 98
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Complexity of AND/OR Graph

* Theorem: Traversing the AND/OR search graph is
time and space exponential in the induced
width/tree-width.

* |f applied to the OR graph complexity is time and
space exponential in the path-width.

Fall 2020



Treewidth vs. Pathwidth

\ treewidth = 3

= (max cluster size) - 1
(o)
<>

\ pathwidth = 4
@ = (max cluster size) - 1




CSP — AND/OR search tree

A E F Ry

0

0

A B _E|Ru)

B _C D|Rsop]

0

0

0

A B C[Ryu

OR

OR

OR

OR
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CSP — AND/OR tree dfs
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CSP — AND/OR search graph
(Caching goods)
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A E F Ry

ing goods

Cach

A B C[Ryu

CSP — AND/OR search graph
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All Four Search Spaces

A
B
C
D
E
F
Full OR search tree Context minimal OR search graph
126 nodes 28 nodes
OR
OR
OR
OR

Context minimal AND/OR search graph
18 AND nodes

Full AND/OR search tree
54 AND nodes

Fall 2020 105



AND/OR vs. OR dfs algorithms

k = domain size

m = pseudo-tree depth
n = number of variables
w*= induced width

. AND/OR tree PWE=pathwidth 1 OR tree
y il_oace gin)k) = Space: O(n)
* JIme: n kKM .
Ol kv ogn) = Time: O(k")
(Freuder85; Bayardo95; Darwiche01)
« AND/OR graph
e Space: O(n k") = OR graph
e Time: O(n k") = Space: O(n kPw)

= Time: O(n kPw)
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Searching AND/OR graphs

* AO(i): searches depth-first, cache i-context
* i = the max size of a cache table (i.e. number of variables in a context)

i=0 i=w*
4
Space: O(n) Space: O(exp w*)
Time: O(exp(w* log n)) Time: O(exp w¥*)
AO(i) time complexity?
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AND/OR branch-and-bound (AOBB)

» Associate each node n with a static heuristic estimate h(n) of v(n)
* h(n) is a lower bound on the value v(n)

* For every node n in the search tree:
* ub(n) — current best solution cost rooted at n
* [b(n) — lower bound on the minimal cost at n
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Lower/Upper bounds

UB(X) LB(X) UB(X) = best cost below X (i.e. v(X,0))

N
LB(X) = LB(X,1)

LB(X,1) = I(X,1) + v(A) + h(C) + LB(B)

v(A) Q O n(o)

LB(B) = LB(B,0)

¥ h(B,0) LB(B,0) = h(B,0)

Prune below AND node (B,0) if LB(X) = UB(X)
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Shallow/deep cutoffs

Prune if LB(X) = UB(X) UB(X)

" b
oo Q/<>\G
!;l/ X LB(X) = h(X,1)

A4
Shallow cutoff

A
AR
RANTRN

Reminiscent of Minimax shallow/deep cutoffs

Deep cutoff
Fall 2020 110



Summary of AOBB

* Traverses the AND/OR search tree in a depth-first manner

* Lower bounds computed based on heuristic estimates of nodes at
the frontier of search, as well as the values of nodes already explored

* Prunes the search space as soon as an upper-lower bound violation
occurs
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Heuristics for AND/OR

*In the AND/OR search space h(n) can be
computed using any heuristic. We used:

* Static Mini-Bucket heuristics
* Dynamic Mini-Bucket heuristics

* Maintaining FDAC [Larrosa & Schiex03]
(full directional soft arc-consistency)

Fall 2020



Empirical evaluation

* Tasks
* Solving WCSPs
* Finding the MPE in belief networks

* Benchmarks (WCSP)
* Random binary WCSPs
* RLFAP networks (CELARG)
* Bayesian Networks Repository

* Algorithms
« s-AOMB(i), d-AOMB(i), AOMFDAC
« s-BBMB(i), d-BBMB(i), BBMFDAC
* Static variable ordering (dfs traversal of the pseudo-tree)
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time (sec)

Random binary wcsps

(Marinescu and Dechter, 2005)

S-AOMB vs S-BBMB

(20,5,100,0.7) w*=12, h=15
200

180

160 ~

140 4

120 4

100 +

80

60 A

40

20 4
—o— 5-AOMB()
09 —o- s-BBMB()

T T T T T T T
1 2 3 4 5 6 7 8

time (sec)

200

180

160 A

140 4

120

100 +

80

60 -

40

D-AOMB vs D-BBMB

(20,5,100,0.7) w*=12, h=15

—e— d-AOMB(j)
—0- d-BBMBY(i)

Random networks with n=20 (number of variables), d=5 (domain size), c=100
(number of constraints), t=70% (tightness). Time limit 180 seconds.

AOQO search is superior to OR sear

Fall 2020
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Random binary wcsps (contd.)

dense sparse

(20,5,100,0.7) w*=12, h=15

(50,5,80,0.7) w*=12, h=15
180

20
160 -
140 15
120 +
g 100 4 —e— SAOMBG) g 10 - —e— 5-AOMB()
L - &— d-AOMB() Kz > d-AOMB()
o —¥— AOMFDAC o) —w- AOMFDAC
£ g
= 60+ =~ 54
40 - e
20 - 0 v ——— 3
"l ¥ e >
1 2 3 4 5 6. 7 8 9 1 2 3 4 5 BI 7 8 9
i-bound i-bound
n=20 (variables), d=5 (domain size), n=50 (variables), d=5 (domain size),

c=100 (constraints), t=70% (tightness) ¢=80 (constraints), t=70% (tightness)

AOMB for large i i; ﬁ%@getitive with AOMFDAC
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Resource allocation

Radio Link Frequency Assignment Problem (RLFAP)

1.98
981.98
1,138.87
4,028.59

47,115.40

CELARG6 sub-instances

AOMFDAC is superior to ORMFDAC
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Bayesian networks repository

Time limit 600 seconds

available at http://www.cs.huji.ac.il/labs/compbio/Repository
Static AO is betterraNizbe@ccurate heuristic (large i) 117



Outline

* Introduction
* Optimization tasks for graphical models
* Solving optimization problems with inference and search

* Inference
* Bucket elimination, dynamic programming
* Mini-bucket elimination

e Search
* Branch and bound and best-first
* Lower-bounding heuristics
* AND/OR search spaces
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